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Ordinary differential equs - e
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An ODE contains one or more derivatives of a dependent variable y with respect to a single

independent variable t (or x).
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Key Classifications dN AN
 Order: The highest derivative present in the equation. (e.g., 4" + y = 0 is 2nd order). dt

* Linearity: An ODE is linear if the dependent variable y and its derivatives appear only to

the first power and are not multiplied together. Otherwise, it is non-linear.
« Homogeneity: — —rPl1 - —
 Homogeneous: No term depends only on the independent variable (RHS = 0).

*« Non-homogeneous: Contains a term depending only on the independent variable
(RHS # 0).
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Partial differential equ

A PDE involves partial derivatives of a function u with respect to two or more independent

variables (e.g., time t and space z, vy, z).
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Key Classifications (Second Order)
For a standard linear second-order PDE of the form Au,, + Bug, + Cu,, + --- = 0, the
discriminant B2 — 4AC determines the type: .
BN —t=0
1. Elliptic (B? — 4AC < 0): Describes equilibrium states. 08 R -oot=0l

/ : - t=05

» Example: Laplace's Equation (VZu = 0).

2. Parabolic (B?> — 4AC = 0): Describes diffusion processes.

«  Example: Heat Equation (u; = aV?u).

3. Hyperbolic (B? — 4AC > 0): Describes wave propagation.

« Example: Wave Equation (uy = c2V2u).



General formulation

Following the original formulation of Raissi ef al., we begin with a brief overview of physics-informed neural networks
(PINNSs) [10] in the context of solving partial differential equations (PDEs). Generally, we consider PDEs taking the
form

w+Nu =0, te[0,T], x €9, 2.1

subject to the initial and boundary conditions
u(0,x) = g(x), x € Q, (2.2)
Blu] =0, t€[0,T], x € 09, (2.3)

where N[-] is a linear or nonlinear differential operator, and B[] is a boundary operator corresponding to Dirichlet,
Neumann, Robin, or periodic boundary conditions. In addition, u describes the unknown latent solution that is governed
by the PDE system of Equation (2.1).

https://arxiv.orq/pdf/2308.08468



https://arxiv.org/pdf/2308.08468

Solving with neural networks
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Residual

We proceed by representing the unknown solution u(t,x) by a deep neural network ug(t,x), where 6 denotes all
tunable parameters of the network (e.g., weights and biases). This allows us to define the PDE residuals as
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Ro(t, x) (¢, x,) + Nugl(t,, x;,)

If we compare this residual with Equation (2.1), we know that it must be 0



u_t = torch.autograd.grad(l u_x = torch.autograd.grad(
u, t, u, X,

[ ] .
grad_outputs=torch.ones_like(u), grad_outputs=torch.ones_like(u),
e S I u a O S S create_graph=True, create_graph=True,

retain_graph=True retain_graph=True
) [0] ) [0]

Ouy — (t,, Xr) + Nugl(t,, x,)

ot

Using automatic differentiation, we can calculate the residual for each (t,x)
in out training database, giving us the residual loss:

], e 2
Lr(0) = = D [Ro(tr x7)]
T =1

R (t, X) —



Initial condition u(0,x) =g(x), x€ Q.

The initial condition is a function that must be replicated on t = 0 (ODE or
PDE)

The loss here can be deflned as the distance on t=0 to g(x):
|2
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X_ic = torch.rand(n_initial, 1).to(device)
t_ic = torch.zeros(n_initial, 1).to(device)
u_ic = initial condition(x_ic)



Boundary conditior s =o, e 0,7, x € o0

In a PDE, the boundary condition define how the function behaves in the
boundary of the spatial domain. B[u(x,t)] must be zero for all t,x in boundary.
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t_bc = torch.rand(n_boundary, 1).to(device)
Xx_bc_left = torch.zeros(n_boundary, 1).to(device)
X_bc_right = torch.ones(n_boundary, 1).to(device)
u_bc = boundary_condition(t_bc)

Neumann Dirichlet
=)

u=AX.0) 2 g(X.1



Error function £ = £i(0) + £oc(6) + £:(6)

compute_pde_residual(model, x_pde, t_pde, alpha)
torch.mean(residual ** 2)

loss_pde

i 2 o .
Equation Er(g) — F Z |R9(t:q’ X:,)|2 residual
T i=1

i ( 7 )|2 u_pred_ic = model(x_ic, t_ic)
ic ’ loss_ic = torch.mean((u_pred_ic - u_ic) s*x 2)

Initial condition £i(9)

( ) 1 Noe | [ )| u_pred_bc_left = model(x_bc_left, t_bc)
H ﬁb 0) = — Z B b Xb u_pred_bc_right = model(x_bc_right, t_bc)
Boundary Condltlons ¢ Nbc im1 < © loss_bc = torch.mean((u_pred_bc_left — u_bc) xx 2) +

torch.mean((u_pred_bc_right — u_bc) *x 2)

loss = loss_pde + loss_ic + loss_bc



Training loop (see implementation)

For each step:

1.

2.

W

Compute points for boundary and initial conditions so we can evaluate
the losses

Compute points uniformly on the domain so we can evaluate residual
loss

Backpropagate the gradients from the loss

Update the parameters

Physics-informed neural networks: A deep learning framework for solving forward and in
verse problems involving nonlinear partial differential equations - ScienceDirect



https://www.sciencedirect.com/science/article/abs/pii/S0021999118307125
https://www.sciencedirect.com/science/article/abs/pii/S0021999118307125

Burgers equation

In one space dimension, the Burger’'s equation along with Dirichlet boundary conditions reads as
Ur +uuy — (0.01/m)ux =0, xe[—1,1], te]0,1],
u(0, x) = —sin(Tx),
u(t,—1) =u(,1)=0.



Burgers equation

In one space dimension, the Burger’'s equation along with Dirichlet boundary conditions reads as

Ur +uuy — (0.01/m)ux =0, xe[—1,1], te]0,1],
u(0, x) = —sin(Tx),
u(t, -1 =u(,1)=0.

Let us define f(t, x) to be given by

f:=us +uuy — (0.01/7)uxy,



Burgers equation

In one space dimension, the Burger’'s equation along with Dirichlet boundary conditions reads as

Ur +uuy — (0.01/m)ux =0, xe[—1,1], te]0,1],
u(0, x) = —sin(Tx),

MSE = MSE, + MSEj,
u(t,—1)=u(t, 1) =0.

where
Ny

Let us define f(t, x) to be given by MSE, = NLZIu(t{,,xL)—u"lz,

f=1ur + uuy — (0.01/7)uxy, ang

Ny
1 .
MSEp=gr P IAGRE T
i=1



Burgers equation
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Schrodinger equations

ihy + 0.5hx + |R|?h =0, x€[-5,5], te[0,m/2],
h(0, x) = 2 sech(x),

h(t, —5) = h(t, 5),

hy(t, —5) = hy(t, 5),



Schrodinger equations

ihe +0.5hx + |h|?h =0, xe[-5,5], te[0,7/2], f :=ih; 4+ 0.5hxx + |h|*h
h(0, x) = 2 sech(x),

h(t, —5) = h(t, 5),

hy(t, —5) = hy(t, 5),



Schrodinger equations

ihe + 0.5hx + |h|?h =0, xe[=5,5], te[0,m/2], f:=1iht + 0.5hxx + |h|2h
h(0, x) = 2 sech(x),

h(ta _5) — h(ta 5),
hy(t, —5) = hy(t, 5), MSE = MSEq + MSEj, + MSE,

where

No
1 : ;
MSEo= - > [h(©.xp) — hol”.
i=1

Np
MSEp = i ¥, (|h’(r,g, —5) —hi(tl, 5)12 + |, —5) — hLtl, 5)|2) 3
i=1

and

Ny
1 o
i=1



Schrodinger equations

ihe + 0.5hx + |h|?h =0, xe[=5,5], te[0,m/2],
h(0, x) = 2 sech(x),

h(t’ —3) = h(t’ 5), Data (150 points) gg
hy(t, —5) = hy(t, 5), %8
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Navier-Stokes system of equations

Ur + ).1 (qu T Vuy) = —DPx + )~2 (uxx + Uyy)
Vi +A1(UVx +VVy) =—py + A2(Vxx + Vyy)

where u(t, x, y) denotes the x-component of the velocity field, v(t, x, y) the y-component, and p(t, x, y) the pressure.




Navier-Stokes system of equations

Ut

Vit

A(uvy -

- A (Uux + vuy) = —px + A2 (Uxx + Uyy)

-VVy) = —Dy + A2(Vxx + Vyy)

where u(t, x, y) denotes the x-component of the velocity field, v(t, x, y) the y-component, and p(t, x, y) the pressure.

Uy +

”=1/fy= V=—Yx



Navier-Stokes system of eix=vy. v=-¥

Ut

Vit

- A (Uux + vuy) = —px + A2 (Uxx + Uyy)

AMUVx+VVy)=—py + A2(Vxx + Vyy)

where u(t, x, y) denotes the x-component of the velocity field, v(t, x, y) the y-component, and p(t, x, y) the pressure.

fi=ur+ A (uux +vuy) + px — A2 (Uxx + Uyy)
g:=Ve+A(UVx+VVy)+ Py — A2(Vax + Vyy)



Navier-Stokes system of eix=vy. v=-¥

Ur + ).1 (qu T Vuy) = —DPx + )~2 (uxx + Uyy)
Vi +A1(UVx +VVy) =—py + A2(Vxx + Vyy)

where u(t, x, y) denotes the x-component of the velocity field, v(t, x, y) the y-component, and p(t, x, y) the pressure.

fi=ur+ A (uux +vuy) + px — A2 (Uxx + Uyy)
g:=Ve+A(UVx+VVy)+ Py — A2(Vax + Vyy)

We approximate [¥(t.x,¥) p(t,x,¥)] using:
1 N L . L . 1N . o
MSE = = 3~ (lu( 2, y) —u' P+ v @, X, y) = vP) + = 37 (172, y)1 + 18@, X, yHP)
i=1 i=1



Navier-Stokes system of ex=vy. v=-¥

Ur + A1(UUx + VUy) = —px + A2 (Uxx + Uyy)
Ve +A1(UVx +VVy) =—Dy +A2(Vxx + Vyy)

where u(t, x, y) denotes the x-component of the velocity field, v(t, x, y) the y-component, and p(t, x, y) the pressure.

5 Predicted pressure 5 Exact pressure




Exercises

1. Finish the implementation for burgers equation
2. Solve the following system of equations, known as Lotka-Volterra:

dx
i ar — Bry
dy

= 0xy — VY

dt
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